DRINFELD DOUBLE FOR ORBIFOLDS 



VLADIMIR HINICH 

Abstract. We prove that the Drinfeld double of the category of sheaves on 
an orbifold is equivalent the the category of sheaves on the corresponding 
inertia orbifold. We hope this observation will help to explain the appearence 
of inertia groupoid in the orbifold cohomology theory. 

Dedicated to the memory of losif Donin 

1. Introduction 

1.1. Overview. This note is a result of an attempt to understand why inertia 
orbifold appears in the stringy cohomology theory. Recall that if X is an orbifold 
then its (stringy) orbifold cohomology is defined by the formula 

(1) Hstr(X) = Hill) 

where ?^ is a usual cohomology for orbifolds and /X is the inertia orbifold which 
is (roughly speaking) the collection of pairs (x, 7) with x G X and 7 G Aut(x). 

In an attempt to find a "cohomological meaning" of the connection between X 
and /X we have found a very simple way to express the category of sheaves on 
/X through that on X. 

1.1.1. Theorem. The category of sheaves of -modules Sh(JX) is naturally equiv- 
alent to the Drinfeld double of the category Sh(X) (considered as a monoidal 
category with respect to the tensor product of sheaves). 

The orbifolds are assumed to be complex or C°°-orbifolds. In the complex case 
one can substitute the sheaves of 0-modules with the coherent sheaves. 

The functor : Sh(/X) I'(Sh(X)) from the category of sheaves on /X to 

the Drinfeld double of Sh(X) is constructed as follows. 

The canonical projection vr : JX X is defined by the formula 7r(a;, 7) = x. 

This is a finite morphism of orbifolds and one has the projection formula 

(2) 7r,(M ® vr* (iV) ) =7r, (M)®iV. 

For any G Sh(X) the inverse image 7r*(A^) admits a canonical automorphism 
Cat : p*{N) «- p*{N) defined at each point (x, 7) G /X by the formula 



(7r*(iV))(,,^) =N,—^N, = (7r*(iV))(,,^). 
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Thus, for any sheaf M e Sh(/X) the functor N ^ n^{M) ^ N = 7i^{M ^ 7r*(iV)) 
is endowed with a canonical endomorphism induced by (n. Its composition with 
the standard commutativity constraint gives an object of D(Sh(X)). 

To prove B is an equivalence, we check this locally (for a quotient of a manifold 
by a finite group) and then use the local structure of complex or C°°-orbifolds to 
deduce the general claim. ^ 

Note that the equivalence 9 provides the category Sh(/X) with a new structure 
of braded monoidal category. We explicitly describe this new monoidal structure 
in EH 

1.2. Structure of the paper. In Section |21 we recall general facts about orb- 
ifolds, including the description of the standard functors. In Section |21 we recall 
the definition of Drinfeld double of a monoidal category and construct the func- 
tor 6. In Sections 0] and El we prove that 6 is an equivalence in the affine case: 
for a quotient of an affine scheme by a finite group or for a (global) quotient of 
a manifold (resp.. Stein manifold) by a finite group. In Section IHl we describe a 
presentation of an orbifold by an atlas of affine orbifold charts. This allows us to 
get the general result using an affine orbifold atlas in Section [7| 

2. Generalities on orbifolds 

We define an orbifold as a stack on a fixed category M of manifolds having 
a "geometric origin". It makes sense considering the following instances of the 
base category M. 

• C°° manifolds. 

• Complex manifolds. 

• Schemes over a fixed base scheme S*.^ 

The category M of one of the above mentioned types is endowed with the etale 
topology: the coverings are finite collections of etale (=local isomorphisms in the 
C°° or complex case) morphisms. 

2.1. Groupoids. An etale groupoid X, in M is a collection of the following data. 

• A space Xq G M of objects. 

• A space Xi G M of arrows. 

• Etale morphisms of source and target s,t : Xi >- Xq. 

• Composition map Xi x^o Xi «- Xi. 

• An inversion map i : Xi >- Xi. 

^We believe our result is also valid for DM stacks (and for quasicohorent or coherent sheaves). 
However, our proof which relies upon the existence of an open covering of the orbifold with the 
global quotients, does not work in the algebraic case. 

^and, probably, many others. 
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The requirements imposed on these data guarantee that for each M G M the 
data Hom(M, X,) form a groupoid. 

Note that since the source map is etale, the fibre product Xi x^o -^i exists in 
M. A groupoid X is called separated if the map 

{s,t) :Xi ^XqxXo 

is proper. 

If, for example, X is a manifold and G is a finite group acting on X, the 
quotient groupoid {G\X), is defined by the formulas 

{G\X)o = X, = GxX, s{g, x) = x, t{g, x) = g{x). 

Each groupoid X, in M defines a presheaf of groupoids on M assigning to 
M e M a groupoid Hom(M,X,). 

The associated stack of groupoids is denoted [X,]. In particular, [GVX] denotes 
the stack associated to (G\X),. 

2.2. Orbifolds. 

2.2.1. Definition. An orbifold X is a stack of groupoids on M equivalent to a 
stack of the form [X,] where X, is an etale separated groupoid. 

2.3. AfRne orbifolds. Let G be a finite group acting on an affine smooth alge- 
braic variety X. The orbifold equivalent to [G\X] is called an affine orbifold. 

Similarly, in the complex- analytic version, X is assumed to be a Stein manifold; 
in the C°° version X can be any smooth manifold. 

An important property of complex- analytic and C°°-orbifolds is the existence 
of affine open neighborhoods. 

2.3.1. Proposition. Let M be the category of complex or C°° manifolds. Let 
X, be an etale separated groupoid in M. Let x G Xq and G = Aut(x) = {76 
Xi|s(7) = ^(7) = x}. There exists an open neighborhood U of x in Xq (Stein in 
the complex case) so that the restriction of X, to U is isomorphic to a quotient 
groupoid {G\U),. 

Proof. The C°° case is proven in jMPj . proof of Th. 4.1. In the complex case one 
should only add that U is obtained as a finite intersection of open polydiscs, and 
is, therefore. Stein. □ 

2.4. Inertia orbifold. Let G be a groupoid. We define the groupoid IG (inertia 
groupoid of G) as follows. The objects of IG are pairs (x,7) with x G G, 7 : 

X >- X. A morphism from (x, 7) to {y, 6) is a morphism a : x >- y satisfying 

the property Sa = 07. 

If X is an orbifold, we define JX as the fibered category on M assigning a 
groupoid /(X(M)) to M e M. 

2.4.1. Lemma. /X is an orbifold. 
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Proof. Let us check first that /X is a stack. Let (x, 7), {y,S) G /X(M). One has 

Hom((x, 7), {y, S)) = Ker ^Hom(x, y) ? Hom(x, y)^ 

and this proves that Horn-sets in IX form a sheaf. The second axiom of stacks 
saying that the groupoid IX{U), ?7 G M, is equivalent to the groupoid of the 
descent data with respect to any covering of U, is straightforward. 

Finally, suppose X = [X,]. We claim that IX is equivalent to [IX,] where the 
groupoid IX, is defined by the formulas 

(3) JXo = Ker(Xi^Xo) 

t 

(4) IXi = Ker(Xi x Xi =: Xq x Xq). 

txs 

An important step in proving the claim is to check that IXq and IXi are smooth 
manifolds. In complex or C°° case this follows from Proposition 12.3.11 In alge- 
braic case the groupoid IX, as above is defined; its smoothness can be checked 
locally in etale topology, and this also reduces the claim to the affine case. □ 

2.5. Sheaves on orbifolds. Let X be an orbifold. We define the etale cite of 
X, Xet, as follows. 

The objects of Xet are etale morphisms / : X X with X G M. 

The morphisms from / : X X to g : Y >- X are given by pairs {a, j3) 

where a : X Y and /3 : / — > (7a is a 2-morphism. Coverings in Xet are 

generated by surjective etale morphisms. We denote by Ox or simply the 
structure sheaf of X of respectively regular / holomorphic / smooth functions. 

The sheaves of 0-modules on X form a tensor (=symmetric monoidal) category. 

Notation. In what follows Sh(X) denotes the category of sheaves of 0-modules 
in the complex- analytic or C°° case, and of quasicoherent sheaves in the algebraic 
case. 

2.5.1. Inverse and direct image Any 1-morphism of orbifolds / : X >- y 

induces a pair of adjoint functors 

/* : Sh(y) — Sh(X) : /, 

of inverse and direct image. 

In order to define them it is convenient to use a bigger site Xet whose objects 

are all etale 1-morphisms / : ^ ► X and morphisms from / : ^ >- X to 

/' : y X are given as pairs (a, [3) where a : ^ ^' and (3 : f ^ fa is a 

2-morphism. 

A 1-morphism of orbifolds / : X ^ induces a morphism of sites 



/ : Xet " ^et 
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which is, by definition, a continuous functor : Vet " "^et commuting with 

finite fimits. This induces a pair of adjoint functor of inverse and direct image in 

a standard way, see [snu, IV.4. 

In the case / is representable there is a morphism of sites 

/ • 3C(;t ^et 

and one does not need the "big" site Xet- 

Let now f,g:X ^ be two 1-morphisms and let a : / g he a. 

2-morphism. For any IX G ^et an isomorphism 

a : g-^U f'^U 

induces a canonical morphism 

a : /*M(1X) = M{f-^U) M{g-^U) = g,M{U). 

Thus, we have a canonical morphism 

(5) a : g^, 

as well as 

(6) a:g* ^ /*. 

2.5.2. Projection formula. Let / : X y be a 1-morphism of orbifolds. 

One has the following canonical morphism of bifunctors. 

(7) MM)0N ./,(M®r(iV)) 

induced by the adjunction morphism f*f^{M) >- M. 

Projection formula states that for certain classes of / the map (|7j) is an iso- 
morphism. 

We need a very special case of this. 

2.5.3. Proposition. Assume f : X >- y is locally a disjoint union of closed 

embeddings. Then the canonical morphism ^ is an isomorphism. 

Proof. The claim reduces to the case of a closed embedding in M. In this case 
f^ identifies Sh(X) with the full subcategory of Sh(y) consisting of Oy-modules 
annihilated by the ideal of functions vanishing on /(X). In this case the projection 
formula is obvious. □ 
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3. The functor 9 

3.1. Drinfeld double of a monoidal category. Recall the construction of a 
double of a monoidal category defined in |JSp. 

Recall that a monoidal category M is a category endowed with a bifunctor 

M,N ^ M ® N and an isomorphism a : [M ® N) ® K M ® {N ® K) 

(associativity constraint) satisfying the pentagon identity. The unit object 1 

together with isomorphisms idj^ _(S) 1, idj^ 1 _, is given, so that the 

two compositions from idjvc to 1 (8> _ 1 coincide. 

The associativity constraint determines an isomorphism between any pair of 
bracketings of a sequence of objects in M. These isomorphisms being compatible, 
this allows to write Mi ® . . . ® M„ for the tensor product of n objects, omitting 
the brackets. 

Let M be a monoidal category. Its double D(M) is defined as follows. An 

object of D(M) is a pair {A, 9) where A e M and 9 : A® _ _ A is an 

isomorphism of functors satisfying the two factorization properties: 

(Fl) ^(1) = id^. 

(F2) 9{B ®C) = {B® 9{C)) o {9{B) ® C). 

A morphism (A, 9) {A\ 9') is a morphism / : A A' compatible with 9 

and 9'. 

The monoidal structure in D(M) is given by the formula 

(A, 9) ® (A', 9') = {A® A', 9") 

where 9" : A ® A' ® X X ® A® A' is defined as the composition of 9' with 

9. 

The monoidal category 2)(M) is braided: the isomorphism 

(A, 9) ® (A', 9') ► (A', 9') ® (A, 9) 

is defined by the map 9 {A') : A® A' ► A' ® A. 

3.1.1. Remarks. 1. If M is a discrete monoidal category (that is a monoid), the 
double DM is the center of the monoid. 

2. The double construction for monoidal categories corresponds to Drinfeld's 
construction |DQG| of the double of a Lie bialgebra. This is why we use the 
term Drinfeld double. The construction for monoidal categories is described by 
A. Joyal and R. Street in PBl. 

3.2. Case of symmetric monoidal category. In this note we apply the Drin- 
feld double construction to the tensor (=symmetric monoidal) category of sheaves 
on an orbifold. 



Joyal and Street call it "the center of a monoidal category" . We feel this name is somewhat 
misleading since D(M) ^ M for a symmetric monoidal category M. 
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Let M be a tensor category so that, apart from the monoidai structure, a 

commutativity constraint aAB : A® B B <^ A is given. 

An object {A, 9) e D(M) defines uniquely an automorphism r of the functor 

M ^— > A®M as the composition of 6{M) with the commutativity constraint. We 
rewrite below the factorization axioms (Fl), (F2) in terms of automorphism r. 

(FTl) r(l) = id^. 

(FT2) t{B (g)C) = {A(g) acB) o (r(C) ®B)o{A® asc) o ij{B) ® C). 

3.3. The canonical functor. Let X be an orbifold and let IX be its inertia 
orbifold. Now we are ready to define the canonical functor 

e : sh(/x) — - a)(Sh(x)). 

Let TT : /X ► X be the natural projection. Let M G Sh(/X). The object 

G(M) e D(Sh(X)) is given by the pair (7r*(M),T) where r is the endomorphism 
of the functor N 7r^{M) defined as follows. 

Notice that the projection tt : /X X is endowed with a canonical 2- 

automorphism C : tt tt assigning to a pair {x, 7) the automorphism 7 of 

X e X(M). 

Thus, the inverse image 7r*{N) admits a canonical automorphism whose fiber 
at a point {x, 7) e IXq is given by 

(8) ^*{N\,,-y) = N,^N, = 7:*{N\,,^y 
By the projection formula 

(9) 7r*(M) (8) Ar = 7r*(M(g)7r*(Ar)). 

We define r : -k^{M)®N ► 7r*(Af ) (g) A" as the map induced by the canonical 

automorphism ( of 7r*{N) described above. 

4. Affine algebraic version 

It is a pleasure to start with the affine algebraic version of the theorem, even 
though we are unable to deduce from it a global version for DM stacks. 

Let A he a commutative ring acted upon by a finite group G. Let C be the 
category of G-equivariant A-modules. We will explicitly describe now the double 

D(e). 

4.1. Calculation. Let R = A>iG he the twisted group ring, so that C =j?Mod, 
the category of left i?-modules. This is a monoidai category with respect to the 
operation 

M,N M 'S)aN 

defined by the 74-coalgebra structure on R (with respect to the left 74-module 
structure on R) defined by the formula A.{g) — g <S) g. 
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4.1.1. Lemma. The functor N t-^ M N can be canonically presented as ten- 
soring by an R-bimodule M . 

Proof. We construct M as follows. As a left -R-module, M is just the tensor 
product M ® R with _R-module action defined using the coproduct in R. The 
right i?-module structure is defined by right multiplication. Thus, one has 

(10) ag{m®h) = ag{m) ® gh 

(11) (m ® h)ag = h{a)m (g) hg. 

Notice that M has different left and right A-module structures. The check that 
M is the bimodule we need, is straightforward. □ 

Note that C is a symmetric monoidal category, thus an object of !D(C) is 
defined by a pair (M, r) where M G C and r is an endomorphism of the functor 
N M ^ N satisfying the properties 13.21 

4.1.2. Lemma. Any endomorphism of the functor N M ^ N is uniquely 
defined by an R-bimodule endomorphism of M . 

Proof. □ 

Let us describe i?-bimodule endomorphisms of M. If $ : M ® i? " M ® R 

is such an endomorphism, one has $(m ® g) = 4'{fn)g where is the restriction 
of$toM = M(g)lCM(g)i?. 
Let 0(m) = Y.h^G^h{m) ® h. 



Then $(m®5') = ^/^gG 0/i(^) The i?-bilinearity conditions on $ amount 
to the conditions 

(12) gM^) = (J^ghg-^igm) 

(13) (j)h{am) = a(j)h{m) 

(14) (j)h{am) = h{a)(f)h{'m) 



for all a & A, g,h ^ G, m G M, where (jl2|) follows from the preservation of 
left action by (7 G G and (jl3|) and (jl4j) say about preservation of the left an the 
right A-module structure respectively. Comparing the conditions (fT^ and (fT^ 
we deduce that (ph are A-module endomorphisms and h{a) — a annihilates (ph for 
each a G A. 

Finally, factorization properties (Fl), (F2), see 13. H give the conditions 



(15) 5^0, = 1 

h 

(16) (f)g<j)h = 0, gy^h 

(17) 0j = <Pg. 
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Thus the endomorphisms (j)g are orthogonal idempotents and therefore they pro- 
vide a decomposition of M into a direct sum. This means that an object of 'D(C) 
is given by an equivariant A-module 

h&G 

such that g(Mh) = Mgf^g-i and each is annihilated by h{a) — a for each a ^ A. 
We have proven the following 

4.1.3. Theorem. Let a finite group G act on a commutative ring A. Define B 
as the direct product 

B = Y[A/{h{a) - a), 

heG 

with the action of G defined by the formula 

X = {xh} e B => g{x) = {gixg-ihg)}. 

Then the double of the category of G- equivariant A-module is equivalent to the 
category of G- equivariant B-modules. 

4.2. A direct calculation shows that the assignment of Theorem 14.1.31 is quasi- 
inverse to the functor 9 : Mod(5) D(Mod(A)) defined inlO 

5. Affine G°° and complex-analytic version 

In this section we will check (in a way, similar to that of the previous section) 
that the canonical functor G defined in 13. 3| is an equivalence for affine C°° and 
affine complex-analytic orbifolds. 

5.1. case. Let X be a smooth jnanifold. Let M e Sh([G\X]). This is a 
G-equivariant sheaf on X. Define M = M (8>c CG = (Bh&cM ® h. This is a 
G-equivariant sheaf on X with the G-action given by the formula 

g{m ^ h) = g{m) ® gh, (7 G G, m is a local section of M. 

The sheaf M admits also a right G-action via 

(m ® h)g = m ® hg. 

Also the global G°^ functions on X act on M on the right by the formula 

(m ® h)a = h{a)m ® h. 

The formulas above are similar to the formulas (fTUI) . ()11|) . 

Any endomorphism of the functor N M ^ N induces an equivariant endo- 
morphism of the sheaf M commuting with the right actions. In fact, let be 
the sheaf of G°° functions on X. Then M = M ® 0. Thus, any endomorphism 
T : M <S) M ® _ induces an endomorphism $ = t(0) of M; it commutes 
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with the right actions since right multiphcation by G G or by a G C°°{X) is a 
morphism of equivariant 0-modules. 

The converse is also true, but we are not using this at the moment. Similarly 
to the affine algebraic case, we deduce for ^{m^g) = ^ (f)h{m)®hg the formulas 
analogous to (fHll-lfnil: 

(18) gcphijn) = (pghg-^{gfn) (m is a local section of M) 

(19) 0/i(am) = a0/i(m) (a and m are local sections of and M) 

(20) 0/i(am) = h{a)(f)h{m) [a is a global smooth function) 

Suppose now that r satisfies the factorization properties. Then (ph are orthogonal 
idempotents so that for Mg = 4>g{M) 

M = 0M,. 

<?eG 

Comparing (fT^ to we get that the sheaf of Ox-modules Mg is annihilated by 
any global function of the form g{a) — a where a is a global smooth function. 
We claim this implies that Mg is the direct image of a sheaf on with respect 

to the closed embedding X. To prove this we have to check that for 

each open U C X, m G M{U) and / G 0{U) such that / is zero on X^ fl U , one 
has fm = 0. This can be checked for arbitrarily small neighborhoods of points 
of X^. Since X^ is regularly embedded in X, the fact follows from Thm. 
VI.1.1. 

We have therefore constructed a functor 

(21) 2)(Sh([G\X])) ► Sh(/[G\X]). 

Similarly to 14.21 the functor constructed above is quasi-inverse to the one 
described in 13.31 

5.2. Complex-analytic case. The proof presented above for the smooth case 
works as well in the complex-analytic case if X is a Stein manifold; the only 
nontrivial step of presenting M^ as a direct image of a sheaf on X^ is due to the 
fact that the sheaf of holomorphic functions on X is generated by its global 
sections. 

6. Affine orbifold atlas 

In this section we describe how to present a complex or C°° orbifold as a result 
of gluing of affine orbifolds. 

Notice that, historically, the first definition of orbifold |Sa^ has been given in 
language of orbifold charts; in the effective case the passage from Satake definition 
to the stack version is described in |HVj . 2.8, using an appropriate 2-direct limit 
construction. Here we go in the opposite direction, starting with an M-orbifold 
and presenting it as a direct limit of affine orbifolds. This allows to present a 
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sheaf on an orbifold X as a compatible collection of sheaves on the affine orbifold 
charts. The construction of inertia orbifold can be also performed chart-by- chart. 

6.1. Definitions. 

6.1.1. Orbifold charts. Let M be of one of the types mentioned in the 
introduction. An (affine) orbifold chart is a pair {U, G) where [/ G M and G is a 
finite group acting on X and 

• X is affine in the algebraic case. 

• X is Stein in the complex case. 

• (no extra conditions in the C°° case.) 

A morphism of orbifold charts (t/, G) ► (t/', G') is defined as a pair of 

morphisms a : U *- U', 7 : G ^ G' such that 

• they are compatible, i.e. a{gu) = 'y{g)a{u) foi g E G, u E U; 

• The induced map of orbifolds 

[a,7]:[G\f/] _ [G'\U'] 
is an open embedding. 

6.1.2. Atlas. Let X be an M-orbifold. Its full atlas Atlas(X) is the category 
defined as follows. 

• The objects are triples [U, G, (j)) where (f/, G) is an affine orbifold atlas 
and (f) : [G\U] ► X is an open embedding. 

• A morphism from {U, G, (f)) to ([/', G, (j)') is given by a triple (a, 7, 9) where 
(a, 7) is a morphism of the orbifold charts, and ^ is a 2-morphism from 

to 0' o [a, 7]. 

A full subcategory A C Atlas (X) is called an affine orbifold atlas of X if the 
following properties are satisfied. 

• The map 1J(c/g (/-)ga[^\^] " surjective. 

• For each point x G |X| lying in the image of two charts = (f/j, Gj, (pi) G 
A, i = 1,2 there exists a chart = (t/12, G12, ^12) G A and a pair of 
maps ai2 ai such that x belongs to the image of ai2. 

Proposition I2.H.1I shows that complex and G°° orbifolds admit affine orbifold 
atlases. For DM algebraic stacks the existence of an affine orbifold atlas seems 
to be a very strong condition even over a separably closed field. 

6.2. Sheaves. Let D be a category. Recall that a D-category is, by definition, 
a functor vr : X ► D. 

The sheaves on the orbifold charts of an atlas A oi X can be organized into a 
category Sh bifibered over Put D = A°^. 
We define the Z)-cateory Sh as follows. 
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The objects of Sh over {U,G,(f)) G D are the sheaves on [GVf/]- An arrow 

V : F >- F' over an arrow u : {U, G, (p) {U', G', cf)') is just a map of 

sheaves u : F >- F' over a morphism of orbifolds : [G'\U'] >- [Cyt/]. 

Since is represent able, this is nothing but a compatible collection of maps 
F{V) ^F'{Vx[G\u] [G'\U']). 

It is sometimes convenient to add an initial object to D = Atlas (X)°p and to 
complete Sh with the sheaves on X. Here are the appropriate definitions. 

The category is obtained from D by joining an initial object 0. We define 
the D+-category Sh+ as follows. Its restriction to D is the category Sh con- 
structed above. The objects over are just the sheaves on X. An arrow from 

F to F' over the unique morphism (d) : d from to d = {U, G, 0) is a 

map of sheaves F F' over the map (p '■ [G\U] ► X. 

6.2.1. Cofibered, fibered and bifibered categories. Let vr : X «- D be 

a D-category. Recall that a morphism v : x x' in X over u : d d' in D 

is called cocartesian if the natural map 

Homx^,(a;',y) Hom„(x,?/) 

is a bijection. A D-category X is called cofibered if the following properties are 
satisfied: 

• For each u : d *- d' in D and for each x G Xd there exists a cocartesian 

arrow v : x » x' over u. 

• Composition of cocartesian arrows is cocartesian. 

There is a dual notion of cartesian arrow and of fibered category, see jSGAlj . 
Expose VI. A D-category is bifibered if it is cofibered and fibered simultaneously. 

The Z)+-category Sh+ constructed above is obviously bifibered; this is equiva- 
lent to the existence of direct and inverse image functors for sheaves on orbifolds. 
We will mention an extra property of Sh+. 

6.2.2. Definition. A D-category X will be called special bifibered category if it 
is bifibered and all cartesian arrows in X are necessarily cocartesian. 

6.2.3. Lemma. Sh+ is a special bifibered Dj^- category. 
Proof. For any open embedding 

u : X ► Y 

of orbifolds the composition u* o is isomorphic to identity. This immediately 
implies the lemma. □ 

6.3. Effective descent. Let D be a category and let be the category ob- 
tained by adding the initial object to D. If X is a D+-category, we denote 
Xjj = D X. This is a D-category. 
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Uti : X D is cofibered, one defines r'^°'^(7r) (or ^^"^{X)) to be the category 

of cocartesian sections of tt. 

Let X be cofibered over D+. We say that X admits an effective descent if the 
obvious functor 

(22) P°'=(X) " r°^(XD) 

is an equivalence. Note that the functor ^^^{X) ^ X0 is equivalence since 

is an initial object of D+. 

6.3.1. Lemma. The D ^-category Sh_|_ has an effective descent. 

Proof. This is fairly standard: a sheaf on X is uniquely given by a compatible 
collection of sheaves on its affine orbifold charts. □ 

7. The main result 

7.1. Relative monoidal categories. In this subsection we will show how to 
generalize to £)-categories the notions of monoidal category and the construction 
of double. 

7.1.1. Cofibered monoidal categories. A monoidal structure on a D- 
category X is given by a functor 

(g) : X XdX X 

of D-categories, together with a unit 1 : D D and the usual constraints and 

compatibilities. 

This means that tensor product is defined for pairs of objects having the same 

image in D and the morphism v ®w : x ®y ► x' y' is defined for a pair of 

morphisms v : x ^ x' , w : y ^ y' having the same image in D. 

A monoidal cofibered category tt : X D is & monoidal D-category such 

that 

• It is cofibered; 

• li V : X ^ x' and w : y ^ y' are cocartesian over the same arrow u oi D, 
then V <^w is also cocartesian. 

7.1.2. Drinfeld double of a monoidal D-category. Let tt : X ► D be a 

monoidal D-category. Its Drinfeld double is a D-category D{X) D defined 

as follows. 

The objects of D{X) are defined by the formula 

ObD(X) = JJObD(Xrf). 

deD 
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For a pair (x, a) and {y, (3) of objects of D{X) and for a morphism -u : tt{x) 



in D, we define Homu((a;, a), {y,(3)) as the set of all / G Homu(a;,2/) such that 
for each v : 2; >- z' over -u the diagram 



X 1^ z 



Z ® X 



(23) 



y ® z 



z' ®y 



is commutative. 

In the case X is cofibered over D, it is enough to verify the condition 
cocartesian v only. 



for 



7.1.3. The functor of sections. 

If TT : X »- D is cofibered monoidal, r™'^(7r) is monoidal: for two cocartesian 

sections F,G : D «- X their tensor product is defined as 

{F®G){d)=F{d)®G{d). 

Below we show that in the special bifibered case the functors V^"^ and D 
commute. 

A D-category X is called special bifibered monoidal category if it is special 
bifibered and monoidal cofibered. 

7.1.4. Lemma. Assume tt : X D is a special bifibered monoidal category. 

Then the Drinfeld double it : D{X) D is cofibered. 

Proof. Let u : ci ^ ci' be an arrow in D, (x, a) G T>{Xd). We have to construct 

a cocartesian arrow {x,a) {x',a') in I'(X). Choose a cocartesian map 

V : X —>■ x' in X over u. We claim that the isomorphism a' : x' -® x' 

is defined canonically by the choice of f . In fact, for y G Xd' choose a cartesian 
arrow w : y" y over u. By the assumption of the proposition, w is cocartesian, 
so v®w : x®y" >- x' ®y is also cocartesian. This implies that the composition 

X ® y y ® X y ® X 

factors uniquely through v ® w : x ® y" x' ® y. This factorization defines 

an isomorphism of functors a' : x' ® _ ® x'. One checks directly that the 

morphism (x, a) (x', a') is cocartesian. Thus, T){X) >- D is cofibered. □ 

7.1.5. Proposition. Assume that ir : X >- is a special bifibered monoidal 

category admitting an effective descent. Then the Drinfeld double 

D(7r) : 2)(X) >- also admits an effective descent. In particular, the cate- 
gories !D(X0) and r'^°'^{'D{X£))) are naturally equivalent. 
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Proof. By the assumption the functors 

X0 " — r"°"(x) — - r™^(Xz5) 

are equivalences of monoidal categories. This yields the equivalences 
DiX^) " D(r™^(X)) ► D(P°=(Xb)). 

The functor 



enters into the diagram 




so that p and a become (essentially) quasi-inverse. 



□ 



7.2. Inertia through the orbifold atlas. Let X be an orbifold and let A C 
Atlas(X) be an affine orbifold atlas of X. 

For a = {U,G,(f)) G A we define la G Atlas(/X) as la = {V,G,ip) where 
V = UgeG U', ^ = /0 : [G\V] = I [G\U] ^ /X. 



7.2.1. Proposition. The collection {Ia\a G A} is an atlas of IX. 
Proof. Straightforward. 



□ 



8. CONCLUDING REMARKS 

8.1. Algebraic case. Deligne-Mumford stacks do not admit in general an affine 
orbifold atlas. This is why we were unable to prove the main result for DM 
stacks. 

It seems plausible that the notion of inertia groupoid should be changed in the 
algebraic case, see |iAG Vj . This, however, does not remedy the lack of the affine 
orbifold charts. 
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8.2. Monoidal structures on Sh(/X). Note that the equivalence Sh(/X) 
D(Sh(X)) does not preserve the tensor structure. For instance, the unit object 
on the right hand side is presented by the structure sheaf on the nontwisted 
component of /X. The new monoidal structure on Sh(/X) can be described as 
follows. Let /2X be the double inertia orbifold. The objects of /2X(M) con- 
sist of triples (x, 71,72) with x G X(M), 71,72 G Aut(x) and the morphisms 

(x, 71,72) ► (x', 7^,72) are given by morphisms x — > x' commuting with the 

automorphisms 7's. One has three morphisms pi^2, '■ -^2X " IX sending 

the triple (x, 71,72) to (x,7i), (x,72) and (x,7i72) respectively. Then the new 
monoidal structure on Sh(JX) assigns to a pair M, G Sh(JX) the sheaf 

m,{pl{M)(g)p;{N)). 

It is very tempting to express the cup-product of the stringy i^'-theory |JKKj 
through this monoidal structure. 
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